Low-frequency electrostatic dust-modes are theoretically investigated accounting for dust grain charge fluctuation and for equilibrium grain charge inhomogeneity in a strongly coupled dusty plasma. A new stable extremely low-frequency mode, which is due to the inhomogeneity in the equilibrium dust grain charge, is found to exist in such a dusty plasma. It is also found that the dust-acoustic mode becomes unstable due to the effect of this equilibrium dust grain charge inhomogeneity. It is observed here that the influence of strong correlations in the dust fluid significantly modify the dispersion properties of this new mode as well as of the existing dust-acoustic mode. The implications of our results to recent experimental observations and to some space and astrophysical situations are briefly discussed.
I. INTRODUCTION
There has been a rapidly growing interest in understanding the physics of strongly coupled dusty plasma and associated low-frequency dust-modes because of their vital role in space and astro-plasmas ͑such as, white dwarf matter, interior of heavy planets, etc.͒, laboratory plasmas ͑for examples, plasma crystals, plasmas produced by laser compression of matter, etc.͒, and industrial plasma processing. It was first pointed out by Ikezi 1 that a classical Coulomb plasma with micron-sized dust particles can readily go into the strongly coupled regime. This is because: The coupling constant ⌫͓ϭ ( [2] [3] [4] as well as a number of theoretical analyses [5] [6] [7] [8] conclusively verified the prediction of Ikezi 1 and demonstrated that the dust particles organize themselves into crystalline patterns in such a dusty plasma. It is also observed by experiments that as the temperature of the dust is increased ͑i.e., ⌫ is decreased͒, the dust crystals melt and then vaporize so that one encounters the usual weakly coupled ideal Coulomb plasma. Thus, laboratory experiments in such a dusty plasma system provide an excellent opportunity for the study of transitions from the strongly coupled to weekly coupled regimes.
One of the most important characteristics of such a dusty plasma system is the fact that the charge on a dust particle is not constant, but may change in time. This is basically a quite common feature of a dusty plasma. The charge can fluctuate in two ways: First, it varies randomly due to the collection of individual electrons and ions at random times; second, in the presence of perturbations it varies when a particle moves in an inhomogeneous plasma or a plasma that varies with time. Recently, Nunomura et al. 9 have performed an experiment based on the latter mechanism and have observed a self-excited vertical oscillation of dust particles, which are proposed to arise from the charge deviation from its equilibrium value, due to the delay in charging. Motivated by these experimental observations, 9 we have considered a dusty plasma system consisting of Boltzmann distributed electrons and ions, and strongly correlated dust fluid where the charge on a dust particle fluctuates and its equilibrium value also varies with space. We are interested here to investigate whether effects of the dust grain charge inhomogeneity or strong correlations in the dust fluid introduce new eigenmodes and instabilities, or just modify the other existing dust-modes. It is found here that the effect of the inhomogeneity in the equilibrium dust grain charge introduces an extremely low-frequency new stable mode as well as it causes the dust-acoustic mode to become unstable.
The manuscript is organized as follows. We presented our dusty plasma model equations in Sec. II. We derived the dispersion relation and analyzed numerically the dispersion properties of the new mode as well as the dust-acoustic mode in Sec. III. Finally, a brief discussion is presented in Sec. IV.
II. GOVERNING EQUATIONS
We consider a three component unmagnetized dusty plasma consisting of electrons, ions, and strongly coupled dust grains whose charge varies due to dust charge gradient and fluctuating currents flowing onto the dust grain surface. We assume that dust grains are strongly coupled because of their lower temperature and larger electric charge, whereas electrons and ions are very weakly coupled due to their higher temperatures and smaller electric charges. Thus, on the extremely slow dust time scale, the electrons and ions are a͒ Also at: Department of Physics, Jahangirnagar University, Savar, Dhaka, Bangladesh. Electronic mail: am@egal.tp4.ruhr-uni-bochum.de in local thermodynamic equilibrium, and their number densities, N e and N i , obey the Boltzmann distributions, 10, 11 namely
͑2͒
where n e0 (n i0 ) and T e (T i ) are the unperturbed number density and the temperature of electrons ͑ions͒, respectively, ⌽ is the electrostatic wave potential, and e is the magnitude of the electron charge.
The dust particles are assumed to be spherical with the same radius r d and the surface charge q d . If the dust particles are charged due to the collection of the electrons and ions from the background plasma, we have for the electron ͑ion͒ current I e (I i ) [12] [13] [14] [15] [16] 
and
where m e (m i ) is the mass of the electron ͑the ion͒. On extremely slow dust time scale, the dynamics of charge fluctuating dust oscillations is governed by the well-known generalized hydrodynamic ͑GH͒ equations, [17] [18] [19] and the charging equation, [12] [13] [14] [15] [16] which are
The equations are closed with the help of Poisson's equation
where D t ϭ‫ץ/ץ‬tϩU d •ٌ, N d is the dust particle number density, U d is the dust fluid velocity, m d is the dust particle mass, N d and P d are the dust fluid density and the pressure, m is the viscoelastic relaxation time, and are transport coefficients of shear and bulk viscosities. Various approaches for calculating these transport coefficients have been widely discussed in the literature. [17] [18] [19] [20] [21] [22] [23] The viscoelastic relaxation time m is given by 18, 19 
where d is the compressibility, 18 and is defined as
and u(⌫) is a measure of the excess internal energy of the system and is calculated for weakly coupled plasmas ͑⌫Ͻ1͒
. To express u(⌫) interms of ⌫ for a range of 1Ͻ⌫Ͻ100, Slattery et al. 23 .
III. DISPERSION PROPERTIES
To study low-frequency electrostatic dust-modes in the strongly coupled dusty plasma system under consideration, we shall carry out a normal mode analysis. We first express our dependent variables N d , U d , ⌽, and q d in terms of their equilibrium and perturbed parts as
where Z d0 (x) is number of electrons residing in the dust grain at equilibrium, which is not constant, but varies with x. Now, using ͑1͒-͑4͒ and ͑12͒-͑15͒, we first linearize our basic equations, ͑5͒-͑8͒, to first-order approximation and express them as
ͪ ,
͑18͒
where
2 )͔, 2 ϭ͉I e0 ͉/e, I e0 ϭI e (q d ϭϪZ d0 e,⌽ ϭ0). To derive the dispersion relation, we first perform Fourier transform ͑i.e., use ‫ץ/ץ‬tϭϪi and ٌϭik) and then find n d and Z d .
The substitution of these first-order perturbed quantities, viz. n d and Z d in to the linearized Poisson's equation ͑19͒, yields the dispersion relation 1ϩ ͩ 1ϩ
where Figs. 1-3 . Figure 1, where k d ϭ0 is used, shows a damped dust-acoustic mode: The upper plot shows how r changes with k and the lower one shows how damping rate ( i ) varies with k. Figure 2 , where k d ϭ0.3 ͑solid curve͒, k d ϭ0.5 ͑dashed curve͒, and k d ϭ0.7 ͑dotted curve͒, shows the dispersion properties of the dust-acoustic mode as well as a very low-frequency new stable mode which is only due to the equilibrium dust grain charge inhomogeneity: The upper plot shows the dispersion curve for the dust-acoustic mode, whereas the lower one shows those for our new mode. Figure 3 shows how the damping rate of the dust-acoustic mode and the growth rate of the other branch ͑corresponding to the real negative root͒ of this dust-acoustic mode, which has been found here to be Figure 1 agrees with the main feature of the dust-acoustic waves in a dusty plasma with the dust grain charge fluctuation: The dust-acoustic mode is damped due to the dust grain charge fluctuation. [11] [12] [13] [14] However, Figures 2 and 3 clearly exhibit that the equilibrium dust grain charge inhomogeneity introduces a completely new extremely low-frequency stable mode and causes an unstable branch ͑corresponding to the real negative root͒ of the dust-acoustic mode.
To examine the effects of correlations in the dust fluid, we have also numerically analyzed our dispersion relation ͑20͒ for different values of the transport coefficients, such as, d , l , and m . It can be shown that for parameters used before and for Z d0 ϭ10 2 , we have ⌫ϭ1. If, we replace Z d0 by 3ϫ10 2 and 10 3 , but use the other parameters as before, we find that ⌫ becomes 10 and 160, repectively. It should be mentioned that m and d are already expressed as a function of ⌫ by ͑9͒ and ͑10͒, and typical values 18 Figure 4 shows how the dispersion curves ( r vs k͒ of the dust-acoustic mode ͑upper plot͒ and our new mode ͑lower plot͒ are modified by strong correlations in the dust fluid ͑in both cases, the solid curves represent dispersion properties for ⌫ϭ1 and the dashed curves for ⌫ϭ10͒. Figure 5 shows how damping rate ͑shown in the upper plot of Fig. 3͒ of the dust-acoustic mode is modified by strong correlations in the dust fluid: The upper plot is for ⌫ϭ1 and the lower plot for ⌫ϭ10͒. Figure 6 shows how the growth rate ͑shown in the lower plot of Fig.  3͒ of the dust-acoustic mode is modified by the strong correlations in the dust fluid: The upper plot is for ⌫ϭ1 and the lower one for ⌫ϭ10͒. It is obvious from Figs. 4-6 that the dispersion properties of both the dust-acoustic mode and our new mode have been modified by strong correlations in the dust fluid significantly, and this modification changes irregularly with the wavelength of the mode considered.
IV. DISCUSSION
We have investigated low-frequency electrostatic dustmodes in a strongly coupled dusty plasma, accounting for the dust grain charge fluctuation and the equilibrium dust grain charge inhomogeneity. We have considered a three component unmagnetized dusty plasma comprising Boltzmann electrons and ions, and strongly coupled dust fluid where the dust grain charge at equilibrium is not constant, but varies with x. We first derive the general dispersion realtion for the low-frequency electrostatic dust-mode and then numerically analyze different roots of this general dispersion relation. The results, which have been found in this investigation, may be summarized as follows: 
͑i͒
The plasma system under consideration supports a completely new stable low-frequency mode, which is only due to the equilibrium dust grain charge inhomogeneity ͑cf. lower plot of Fig. 2͒ . If we neglect the effect of this dust grain charge inhomogeneity, this mode disappears and our work ͑without the effects of strong correlations in the dust fluid͒ completely agrees with a number of earlier published works 12-14 ͑cf. Fig.  1͒ . ͑ii͒
The nature of the existing dust-acoustic mode and its damping ͑due to the dust grain charge fluctuation͒ are unaffected by the dust grain charge inhomogeneity ͑cf. upper plots of Figs. 2 and 3͒. ͑iii͒ The other branch ͑corresponding to the real negative root͒ of the dust-acoustic mode has been found to be unstable due to the effect of the equilibrium dust grain charge inhomogeneity. Also the increase in the dust grain charge inhomgeneity ͑i.e., k d ) stimulates the unstable wave mode for lower values of k, i.e., the wave mode of larger wavelength becomes unstable ͑cf. lower plot of Fig. 3͒ . ͑iv͒ The effects of strong correlations in the dust fluid significantly modify the dispersion properties of this new mode as well as of the dust-acoustic mode. This modification irregularly changes with the wavelength of the mode considered ͑cf. Fig. 4͒ . ͑v͒
The nature of damping of the dust-acoustic mode ͑which is due to the dust grain charge fluctuation͒ and of the growth rate of the instability of the dustacoustic mode ͑which is due to the inhomogeneity in the equilibrium dust grain charge͒ are also found to be modified significantly by strong correlations in the dust fluid ͑cf. Figs. 5 and 6͒.
It may be stressed here that the present investigation may be useful for the study of transitions from the strongly coupled to weekly coupled regimes observed by a number of experiments during the last few years, [2] [3] [4] and for understanding the mechanism of the instability and the energy gain in a strongly coupled dusty plasma observed by a recent laboratory experiment of Nunomura et al. 9 This investigation may also be important for understanding the low-frequency electrostatic noise or oscillations in some astro-plasma environments, such as, white dwarf matter, interior of heavy planets, etc. 
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